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Abstract 

^ ■ The infinitesimal form of the induced representation of the re— Poincare 

Q\ ' group is constructed. The infinitesimal action of the re— Poincare group on 

the re— Minkowski space is described. The actions of these two infinitesimal 
' forms on the solution of Klein-Gordon equation are compared. 

O 

^9 ■ 1 Introduction 

bX)' Recently, considerable interest has been paid to the deformations of group 

\ and algebras of space-time symmetries |7]. An interesting deformation of the 

1 . ■ Poincare algebra || , Q as well as group [ l) has been introduced which depend 

[ on the dimensional deformation parameter k; the relevant objects are called 

re— Poincare algebra and re— Poincare group, respectively. Their structure was 
studied in some detail and many of their properties are now well understood. 
$Jj ■ In particual, the induced representations of the deformed group were found || 

and the duality between re— Poincare group and re— Poincare algebra was also 
given Q. Having the representations of the re— Poincare group and duality re- 
lations one can consider the infinitesimal form of the representation; in order to 
check whether we obtain the representation of the re— Poincare algebra. This is 
nontrivial as it is known from the construction of the induced representations 
the action of the Lorentz group on q— space is standard. Therefore the support 
spaces are described by the classical equation q 2 — const. On the other hand 
q 2 is not the Casimir operator of re— Poincare algebra. 

In section H we describe the general definition of the induced representation of 
quantum group, than we find the infinitesimal form of the induced representation 
of re— Poincare group constructed by ||. We show that in the massive case the 
infinitesimal form of the induced representation is the representation of the 
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k— Poincare algebra. Next in section we consider the infinitesimal action of 
V K on k— Minkowski space A4 K , and describe the Klein-Gordon equation. And 
on the end we compare actions of our two infinitesimal forms over the solution 
K-G equation. 

In that paper we asume that g^ v is diagonal (+, — , — , — ) tensor matric. 

Let us remind the definition of K— Poincare group. The k— Poincare group 
V K is the Hopf *-algebra generated by selfadjoint elements A^, v 11 subject to 
the following relations: 



[AV«] = --((A a o -S a o )A e + (A afj ~g ofj )g^), 



[A^.A^] = 0. 
The comultiplication, antipode and counit are defined as follows: 





= A" a ®A«, 


Av^ 


= A^®^ + 


S(A^) 


= A 11 




= -A ^v v 








= 0. 



Its dual structure, the k— Poincare algebra V K (in the Majid and Ruegg 
basis 1^ ) is a quantized universal envoloping algebra in the sense of Drinfeld p0| 
described by the following relations: 

[Mh,Pq] = 0, 

[Mij,Pk] = i(gjkPi - 9ikPj), 

[M l0 ,P } = iP<, 

[M i0 ,P k ] = -i^g lk (l- e ^ Po ) + ^-g lk P r P r ~-pP k , 
2 Ik k 

[P^PA = 0, 
[Mij,M rs ] = i(g is Mj r - g js M ir + g jr M is - g ir M js ), 
[M i0 , M rs } = -i{g is M r0 - g ir M s0 ), 

[M i0 ,M j0 ] = -iM i:j . (1.1) 

The coproducts, counit and antipode: 

AP = I®P + P Q ®P 
AP k = P k ®e-^ + I®P kl 
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AMij 


= Mij <g> I + 


AM l0 


= 1(g) M i0 + 




= 0; e{P v ) 


S(P ) 


= -Po; 


S(Pi) 


= ~e^P U 


S{Mij) 


= -Mi h 


S(M i0 ) 


= -e^(M i0 



Po 1 

-}e~— + -M^ (g)P h 

K 



-M l3 Pj), 

where i, j, k,r,s — 1, 2, 3. 

Fact that the k— Poincare algebra is dual to the n— Poincare group was 
proved by j| The fundamental duality relations read: 

<PmJ{v)> = i^f(v) 



v=0 

d d 



<AV,/(A)> = i(_-_)/(A) 



(1.2) 



A=7 



2 The infinitesimal form of the induced repre- 
sentation 

Let us recall the definition of the representation of a quantum group -4(G), 
acting in the linear space V. It is simply a map 

g : V -> V ® A(G) 

satisfying 

(I <g> A) ® q = (g ® I) <g> £i 

The induced representations are defined as follow (3), Jll[]: given any quantum 
group -4(G) , its quantum subgroup A(H) and the representation g of the latter 
acting in the linear space V, we consider the subspace of the space V ® -4(G) 
defined by the coequivariance condition: 

V = {F G V <g> .4(G) : id ® (n ® id) o A G F = (go id)F} 

where II : A(G) — > -4(i?) is epimorfizm defining the subgroup „4(-ff). 
The induced representation is defined as a right action: 

g : V -» V ® .4(G) 

g = id (g) A 
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In the paper || Maslanka obtained the following form of the induced represen- 
tation in the massive case: 

(elements ofV we write f{q^) = ei® fi{%), where {e{\ are a basis ofV) 

Qn-fi(q v ) — » V l3 (K(q,A))- (2.1) 

exp(— mlnfcoshf — ) smh( — )) ® v ) ■ 

Km k 

ZKsinh(— W u , 
mcosh( — ) — (j smh(— ) 



where: 



9m = mA ^ 

mq cosh( — ) — m 2 sinh( — ) 



mcosh(f)-g sinh(f) 



mcosh(^)-g sinh(^) 

and /(g) are the square integrable functions defined on the hyperboloid q 2 = to 2 , 
(<7o = v 9i9i + ™ 2 ) an d taking values in the vector space carrying the unitary 
representation of the rotation group, the matrices T>ij are constructed in the 
same way as the matrices of the representation of classical orthogonal group 
and lZ(q, A) is a classical Wigner rotation corresponding to the momentum q 



and transformation A, ||. Of course, the right-hand side of eq.(2.1) is to be 
understood here as an element of the tensor product of the algebra of function 
on the hyperboloid q 2 = m 2 and the group V K . Following Woronowicz Q we 
define the infinitesimal form of the induced representation. For any element X 
of enveloping algebra V K and for any / £ V K if 

X(f) =<X,f> 

and 

Qn ■ V -> V ® V K 

we define 

X : V V 

by 

X = (I ® X) o g n 

Using the duality relations ( |1.2| ) after some calculi we arrive at the following 
formulas describing the infinitesimal form of our representation: 

d d 
M i0 = -iqo-z-f +£%jk — ' 



q + m 
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"o = po = Km (cosh( — ) smh( — )) 

Km k 

smh(f) qj 

Pj ~ Pj__K mcosh(^)-gosinh(f) ^ 

where Sk, (k = 1,2,3) are the infinitesimal forms of representation Py ( The 
representation of SU(2) algebra ). 

It is easy to check that our operators satysfying relations of the k— Poincare 
algebra ([hi]), so the infinitesimal form is the representation of the k— Poincare 
algebra. 



3 The k— Minkowski space, the infinitesimal ac- 
tion, K-G equation 

The k— Minkowski space j|) A4 K is a universal ^-algebra with unity gen- 
erated by four selfadjoint elements cc M subject to the following conditions: 

[x^,x v ] = -(8Xx v - 5%x»). 

K 

Equipped with the standard coproduct: 

Ax^ = x M ® I + Itex 1 *, 

antipode 5*(x M ) = — x M and counit e(x^) — it becomes a quantum group. 

The product of generators x M will be called normally ordered if all a; factors 
stand leftmost. This definition can be used to ascribe a unique element : f(x) : 
of M. K to any polynomial function of four variables /. Formally, it can be 
extended to any analytic function /. 

Let us now define the infinitesimal action of V K on M. K . The n~ Minkowski 
space carries a left-covariant action of n— Poincare group V K , ql '■ M-k —> ~Pk ® 
M K , given by 

QL {x») = A^aa^+u"®/. (3.1) 

Let X be any element of the Hopf algebra dual to V K - the k— Poincare algebra 
V K . The corresponding infinitesimal action: 

X:M K ^M K 

is defined as follows: for any / e M. R , 

Xf= (X®I)og L (f). 

The following forms of generators were obtained in ||; 

. df 



dx^ 
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Mii ■ f ■ 
M l0 :f: 



■< 9 9 \t 

: —i[Xi— — - — x j — — 7 ) / : 

■ o d f K n 



dx % 
d 2 



k j^u) A 

; 2k 



k dx k dx l 



f 



In that case these operators are not satysfying relation of n— Poincare algebra 
(pTl|), becouse the action of «— Poincare algebra (group) on the k— Minkowski 
space is antirepresentation (not representation). It is clear from the following 
equation: 

< ABf(P),<p(x) >=< f(P),BAip(x) > 

for A,B,P G P K . 

The deformed Klein-Gordon equation we write in the two equivalent forms: 



or 



/ = o, 



where operators 8q, di, d are defined 
do : f : = 



. / 1 9 . i ±_o_ . 



di-.f: = :(e**A) /: 



^ ( i_ cos( I 9o)) _i e iao A ) j ; 



9:/: = 

We can write the solution of K-G equation in the following wave function || : 



$(a/*) 



where is deformed of defined in eq.(2.2). 

For X = Mio, Mij, Pfj,, following the paper 0], let us define the operators 
X(q) by the following relation: 



It is easy to see that: 
Mij{q) 



d 3 q 



^{X(q v )a{q)}e-^ xf> : 



, d d 

- l{qi W~ q3 W 



-Mij{q) 



G 



Mio(q) = m-g- = -M i0 (q) 
VM = pM = pM 

The last relations compare generators defined in [^) from with our found from 
induced representation. 
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